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Chapter 1

Neural Networks: An Overview

This chapter gives a self-contained introduction to neural networks. We begin by formally de ning
a particularly simple and fundamental class of networks, called fully connected networks irx1.1.
While neural networks used in practice are typically more complex than these fully connected
models, virtually all of them contain such fully connected networks as sub-parts. We will then
brie y describe in x1.2 how neural networks are typically used in practice. Making sense of this
procedure leads to many of the interesting mathematical questions in deep learning theory. We
will discuss several of the most important inx1.3.

1.1 What is a NN?

A neural network is a family of functions x 7! f (x; ) parameterized by a vector 2 R#parameters
The simplest networks, and the focus of much of the exposition in these notes, are the so-called
fully connected neural networks. They are de ned as follows:

De nition 1.1.1  (Fully Connected Network). Fix a positive integer L as well asL + 2 positive

integers No;:::;N_+; and a function :R! R. A fully connected depthL neural network with

input dimension Ng, output dimension N .1, hidden layer widthsNy;:::;N_, and non-linearity
is any function x 2 RNe 7! z(L*1) (x) 2 RNv«1 of the following form

(W(l)x+b(1); =1

) - .
2= wO 0 Dx)y+ o) =25l +l (1.1.1)

whereWw () 2 RN* N* 1 gre matrices, i) 2 RN are vectors, and applied to a vector is shorthand
for applied to each component.?!

The parametersL; N;:::;N_ 41 are called thenetwork architecture, and z{ ) (x) 2 RN is called
the vector of pre-activations at layer™ corresponding to input x: A fully connected network with a
given architecture and non-linearity is a family of functions parameterized by entries of the weight
matrices W() and components of bias vectordd ), which are refereed to as weights and biases,
respectively.

Two Examples of Functions Computed by a Neural Network

In this section, we give two brief examples of functions computed by RelLU networks i.e. fully
connected networks with the most popular non-linearity used in practice:

(t) = ReLU( t) := max f0;tg:

Iwe will ofteﬂ nd it convenient later in these notes to normalize layers but multiplying the weights w+D) py
a factor like 1 = . This is simply a re-de nition of the weights and biases.

5



6 CHAPTER 1. NEURAL NETWORKS: AN OVERVIEW

Figure 1.1: Two ways to visualize a neural network: either as a set of parameters to be optimized
or as a set of functions to be searched over.
The rst example is the following:

X 7 2 1 X + 0
’ 4 1 1=2

A quick computation shows that this is the triangle or hat function:

8
2 2X; x 2 [0; 1=2]

f(x)= >1 2X; X 2 [1=2;1] ;
"0 x2(1 ;0[ (1,1)

which plays a fundamental role in signal processing. The second example is more broad. Consider
all one hidden layer ReLU networks with input and output dimensions equalto 1 (i.e.L =1;Ng =
N, = 1)

X1
z(x) = b? + Wi(z) Wi(l)x + h(l) ; lq(l) ;Wi(l) ;Wi(z);b(z) 2 R: (1.1.2)
i=1
The key point is the following

Lemma 1.1.2. The space of functions obtained by varyingvi(l) ; q(l) ;Wi(z) 6@ in (1.1.2) contains
all continuous piecewise linear functions with at mostN; 1 breakpoints (i.e. points of discontinuity
for the derivative) and is contained in the space of all continuous piecewise linear functions with
N, breakpoints.

Proof Sketch. The idea is that the the i-th neuron x 7! Wi(z) Wi(l)x + q‘l) is continuous and
piecewise linear with a single breakpoint at

D@
= BT =W

The remainder of the argument is left as an exercise. O
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Figure 1.2: Simple probability measures in parameter space (e.g. those at initialization) correspond
to complex distributions over functions.

1.2 How are NNs used?

Neural networks are used in practice to learn from data. This procedure can be roughly described
as follows?

1. Data Acquisition. Collect a dataset D = f(X;;V; ))gi”:l consisting of potentially noisy
observations of an unknown function, e.g.
yi = f (xi)+ (X); (x;) N (0; 2): (1.2.1)

The goal is to nd an approximation to the unknown function f :RNe ! RN«

2. Architecture Selection. Choose an architecture, e.g.L;N1;:::;N_; , which speci es the
form of the computation x 7! z(:*D (x; ) but does not determine the trainable parameters
= wO:p) :Weseekto nd sothatf (x) z(-*D (x; ). See Figure 1.1.

3. Initialization.  Select the weights and biases at random, e.g. as in (2.1.2). See Figure 1.2.
4. Optimization. Obtain a nal setting of parameters using a rst order optimization

method such as gradient descent with a step size

t«1 = ¢t I L() i (1.2.2)

t

to approximately minimize an empirical loss such as the mean squared error

X
L()= % yi zZ5 (i) . (1.2.3)
i=1

See Figure 1.3

2To be precise we are only really describing here the process of training neural networks from scratch, called
pre-training. The modern deep learning pipeline also includes ne-tuning, other forms of post-training, and the use
of large inference-time compute.
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Figure 1.3: A cartoon illustration of neural network optimization dynamics in parameter space
and in function space.

5. Inference/Validation. Check whether the modelgeneralizesto unseen data by asking
whether

f (Xnew) z(t*D (Xnew; ):

On their face, steps 1 - 5 simply implement greedy search to minimize aa priori quite complicated
function L : R#parameters | R Steps 1 5 in the previous section do notalways yield a good
approximation to the unknown function f . However, that this procedure is remotely successful
in practice is remarkable and raises several fundamental questions that we will discuss in the next
section.

1.3 Big Questions, Small Intuitions

In the previous section we outlined the core method by which neural networks are trained in
practice. The fact that this method works is evidenced by the tremendous success of deep learning.
It also raises several questions:

Q1. Why do we t the data?. The lossLp in (1.2.3) is non-convex as a function
of the network parameters. Empirically, however, a greedy local search such as (stochastic)
gradient descent (1.2.2) from a random initialization nds an (approximate) global minimum

of Lp. Why and when is this possible? See&l.3.1.

Q2. What exactly are neural networks learning? The output of a trained neural
network can be viewed as a linear model applied to a learned, data-dependent set of basis
functions, sometimes called features. It is precisely this kind of feature learning that dis-
tinguishes neural networks from more traditional forms of function approximation such as
kernel methods. What kinds of features do neural networks actually learn? More generally,
how do neural networks use structure in the training data to make predictions at test time?
Seex1.3.2.
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Q3. What are the scaling limits of neural networks? Neural networks are large in

a variety of senses, e.g. they may have a large number of parameters, be trained on a large
datasets, and be trained for many iterations. Can we relate neural network training across
model, data, and compute scale? On the theory side: what are the possible scaling limits
of neural networks when these fundamental quantities diverge and what can be said about
them analytically? On the practical side: how can we take a large neural network and make
it smaller while approximately preserving its training dynamics? Seex1.3.3.

In the next section we discuss each question in more detail. The goal is to state more precisely
important mathematical questions in deep learning theory and to introduce several important
technical ideas in a less formal manner.

1.3.1 Question: Why do we t the data?

As explained in x1.2 training a neural network z(x; ) in practice almost always consists of mini-

mizing an empirical loss X
1 <

Lo()= = (y;z(x; ) (1.3.1)

D) (x;y)2D

using a rst order method such a gradient descent
t+1 = ¢ r L() _ (1.3.2)

One should expect greedy local search such a gradient descent should converge to a stationary
point (i.e. a pointwherer L( )= 0) of the loss. With high probability or perhaps in the presence

of noise, it therefore seems sensible to predict at larg€ that 1 will be close to alocal minimum

of L. However, in practice, what we nd is that 1 is close to aglobal minimum.

That this might be possible is not unprecedented. Spherical spin glasses, for example, are non-
convex objective functions with a tremendous number of saddle points. However, while there are
many distinct minima, it is known in certain models that with high probability almost all minima
are approximately global minimizers [ABA13]. The situation with neural networks appears to
be dierent, however. Rather than have a very large number of (approximate) global minima,
neural network loss functions exhibit a phenomenon callednode connectivity [ESSN21, GIP" 18,
DVSH18]. Namely, the set of global minima forL appears to consist of many large connected
components. Moreover, all local minima forL appear to be exact, rather than merely approximate,
global minima.

Explaining under what assumptions these statements can be made rigorous is an important
open problem in modern machine learning, which is far from resolved. However, there is a simple
intuition for at least one important mechanism driving the success of non-convex optimization.
Namely, neural networksz(x; ) in practice are almost always overparameterized in the sense that

# parameters # training datapoints : (1.3.3)

The key observation is that while L( ) is a complicated function of , it is a simple (e.g. convex)
function in the variables

Z(D; ) — ( Z(X; ); (x;y) 2 D) 2 R#datapoints

that record the outputs on the training dataset. Moreover, precisely because of (1.3.3), a heuristic
dimension-counting argument suggests

7! z(D; ) is a (surjective) submersion (1.3.49)
Hence, by de nition, we expect that the Jacobian

D z(D; ) 2 RPparameters Dj  hag fyll rank for (almost) every :
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Figure 1.4: A commutative diagram when the loss depends on trainable parameters only through
the values of network outputs on the training data. Blue dashed lines are level sets of the loss.
Heuristically, in overparameterized models the map from parameter space to output space is a
submersion. So the push-forward of the negative loss gradient L in parameter space must
have non-zero overlap with the loss gradientr ,L in output space.

Thus, sinceL( ) depends on only via z(D; ), the chain rule yields
r L()=0 0 D z(D; ) r:L(® Z:Z(D;):0 0 ' :L(2) Z:Z(D;):O:

If L is, say, a convex function ofz(D; ), we conclude that a stationary point of L with respect to
necessarily corresponds to a global minimum oE. A cartoon of this situation is illustrated in
Figure 1.4.
The JacobianD z(D; ) play a key role in the theoretical analysis of neural networks where it
usually enters through the neural tangent kernel (NTK), which is simply the kernel obtained by
taking this Jacobian as its feature map:

NTK(x;x%:= D z(x; )"'D (x% ) (1.3.5)

The subjectivity condition (1.3.4) is then equivalent to the statement that the n n matrix
obtained by evaluating the NTK on pairs of inputs from the training dataset is strictly positive
de nite.

The preceding discussion suggests that in an overparameterized neural network(x; ) we
should expect the set of global minima of the empirical lost. (see (1.2.3)) to consist of in nitely
many di erent values of . Among the many ways to t the training data, it is natural to
expect that some will correspond to rather wild/oscillatory interpolants, while others will not. In
practice, vanilla gradient descent will typically nd reasonable interpolants, otherwise it would not
generalize to data outside the training set. A fundamental question is therefore: how, out of this
sea of interpolants, the model and optimization algorithm conspire to select a particular minimum
of the loss and why this interpolant is often well-behaved in practice?

A general language for explaining this so-calledmplicit bias of optimization remains elusive.
However, there is a clear high-level intuition that might reasonably explain a part of why over-
parameterized models trained using gradient descent are often well-behaved. The basic idea is
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that in practice optimization is only possible with well-tuned architecture-dependent initialization
schemes. The resulting distribution over functionsz(x; o) at the start of training (where ¢ is
chosen at random) speci es the initial conditions for optimization, and good initialization schemes
used in practice are biased towards simple functions. Moreover, rst order optimization methods
are inherently local, corresponding to a kind of greedy search. Hence, at least intuitively, neural
network optimization will seek out a way to t the training data that is \as close as possible"
to the simple functions represented by randomly initialized networks. This implicit bias due to
initialization is one of motivations to studying random neural networks in the rst place.

Perhaps the most canonical example of this cartoon of implicit bias is regression with overpa-
rameterized linear models. More precisely, we consider a linear model

x®
z(x; )= i (x); (1.3.6)
j=1

where ; :RNe 1 R are a given collection of features, and a collection of training datapoints
D=f(x:y);i=1;:::;ng RNo*L:
We will assume that the model is overparameterized, which in this case means
P =# parameters > # datapoints = n:

Consider an empirical loss

X
Lo( )= " (z(xi; )iyi)s
i=1
where for eachy the function z 7! “(z;y) is strictly convex and achieves a minimum only at on the
diagonalz = y (e.g. *(z;y) = (z y)?). Minimizing L is equivalent to solving an underdetermined
systems of linear equations withn equations andP unknowns. The set of solutions to such a system
of equations is a hyperplane that is parallel to the kernel of then P feature matrix de ned by

=( 1(D);:::; p(D)); i) =( j(x1) )T

This hyperplane is the analog in linear models of the in nitely many minima one generically
expects for an empirical loss in an overparameterized neural network. Since the logsis convex,
any reasonable rst order method such as gradient descent with a su ciently small step size will
converge to a global minimum.

The question of implicit bias is: what determines which particular minimizer one will obtain?
In this case, the answer comes by noting that the gradient of the loss

X
FLo()= @ (ZY) gy, yyey, (XD 20O T) (1.3.7)

i=1

Yi

always belongs to the column space of . The key point is that now that col( ") is perpendicular
to the kernel of and hence we conclude that gradient descent starting from o converges to the
orthogonal projection of o onto the space of minima ofL. Put another way, gradient descent
starting at  converges to the nearest, in the', sense, minimum ofL. This observation can be
further understood by considering the decomposition

=+ 2 > 2ker() ; j2col T): (1.3.8)

Sincer Lp( )2 col( T), we see that , does not change in the course of gradient descent. In
contrast, Lp is strictly convex on col( ") and hence j converges to the unique minimum of
Lp inside col( 7). This unique minimum is precisely the minimal ~»-norm minimum of L. It is
natural to expect that the ~, will appear since we compute gradients using thée, inner product.
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An interesting consequence of the preceding discussion is that gradient descent starting at
o = 0 converges to the minimal “,-norm minimizer of L. This helps to explain why implicit bias
is sometimes referred to as implicit regularization: while we did not seem to explicitly penalize
the “» norm of the parameter vector when minimizing Lp, our choice of optimization algorithm
implicitly does this for us.

Of course whenz(x; ) is non-linear in the preceding discussion { in particular the crucial
estimate (1.3.7) { no longer holds. However, the general idea that starting near with a simple (in
this case small’,-norm) guess for and performing a greedy local search will return a minimum
of Lp that is in some sense as close as possible to the simple predictors we started with. This
general idea can have somewhat surprising manifestations.

Bibliography

The literature on the benign nature of the optimization landscape in deep learning and on the
NTK in particular is rich. The early article [BH89], for instance, showed that for a natural class
of one hidden layer linear networks with loss landscape of mean-squared error has many critical
points but no minima aside from the global minima. Much later this was re ned in [Kaw16, LK17]
to deeper linear networks and more general training data. The structure of the loss landscape for
one layer networks has also been related to low-rank tensor recovery [MM18] and minimization by
gradient ow in Wasserstein space [CB18, RVE18, MMN18, SS21, SS20]. Finally, the simplicity of
optimization for wide networks in the so-called kernel regime was rst remarked in [DLT* 18] and
introduced more generally in original NTK paper [JGH18]. This led to a nhumber of important
followups, notably [ACGH19, DZPS19, LZB22].

Next, the implicit bias of optimization in overparameterized models has also been studied in
a range of settings. In the setting of classi cation with overparameterized linear models trained
with exponential-type losses [SHN 18] obtain a fundamental result about the implicit bias of
gradient descent on separable data. Next, the in uential article [WGL* 20] considered the implicit
bias of quadratic re-parameterization of linear models. E ect of ', penalty on network weights in
one layer ReLU networks was considered in [SESS19, OWSS19, Han21]. Next, a line work work
(e.g. [ACH18, SMG14, JGS 21, Jac22]) concerns the implicit bias of optimization in deep linear
networks. Finally, the Implicit bias of gradient descent in homogeneous networks was considered
in [JT19, JT20].

1.3.2 What do networks learn?

Perhaps the most mathematically well-understood form of learning is approximation by linear
spaces of functions. Such linear models take the form

X
zZ(x; )= i (x);
i1

where (x) =( j(x);j 1)is a given set of functions. The choice of a \good" basis { one in
which the unknown function f underlying the training data has an e cient expansion { is key to
providing theoretical guarantees for how well one can estimate the vector of coe cients based
on observations fromf . In contrast, the components of the output of a neural network can be
written as

N
Zi(L+1) (x; )= Wij(L+1) [06); ICE ZJ-(L)(X; )

j=1
Hence, neural network training consists of learning both the basis and the coe cients in the linear
combination simultaneously. It is widely believed that the ability to learn data-adaptive basis
functions (a.k.a. features) is a key component of the success of neural networks. From this point
of view, a core question in the theory of deep learning is to describe how learned features depend
on the data generating process, network architecture, and optimization protocol. In the last few
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years there has been a urry of beautiful results characterizing, primarily for one hidden layer
networks, how learned features re ect latent low-dimensional structure in the training data.

While in the preceding discussion the nal layer components  (x; ) play the role of features,
this this is not the only interesting way to study feature learning. Indeed, it is also natural to
consider the properties of the feature map

x2RNe 71 r 25D (x; ) 2 RAparameters (1.3.9)

This is precisely the Jacobian used the de ne the NTK in (3.2.3) and it's role as a feature maps
arises in two ways:

Residual feature learning. First, one can think about gradient descent (1.3.8) with a

small learning rate as a two step process. First, given the current setting ; of trainable
parameters, we repldacez(- ™ (x; ) by its linearization around

_ D E

Z(L+l);|ln (X, : t) — Z(L+1) (X, t)+ r Z(L+1) (X, t)7 ‘

Second one step of gradient descent on the empirical risk using this linearized model.
To rst order in the learning rate, this is equivalent to gradient descent. The key point is
therefore that in each step of GD, we use the feature mam 7! r  z(-*D (x; ) to construct an
update for the residual z(- D" (x: ) 'y at two consecutive time steps of gradient descent.

Fine-tuning as linearization. For a slightly di erent point of view on why the feature
map (1.3.9) is natural, recall the common ML pipeline of pre-training and ne-tuning. This
phrase means that we train an big model on an upstream task and then ne-tune = train a
little on a downstream task. This second phase of training a bit can sometimes be modeled
by training the linearized model. Hence, the Jacobian features are those used for ne-tuning
on down-stream tasks.

Understanding feature learning for either the nal layer features of the network Jacobian is
largely open. The main avenue of approach has been to study them near initialization, where the
analysis basically hinges on understand the statistics of networks at initialization:

Bibliography

There is a vast literature on feature learning in one layer networks. Foundational articles on
learning single and multi-index models with gradient descent on shallow networks are [BBSS22,
BBPV23, DLS22, MHPG™ 22, MHWSEZ23]. There are also several in uential analyses of features
learned from one step of feature learning [BES22, BES" 23, DKL* 24, CPD* 24]. Further, several
works concern the order of learning sparse boolean functions or low degree polynomials with SGD
[AAM22, AAM23] with an important followup clarifying the crucial role of online SGD in the two
preceding works [DTA* 24]. Next, building on the prescient work of Saad and Solla [SS95] is this
important analysis [ASKL23] that provides a uni ed approach to studying the limits of growing
input dimension, growing hidden layer width, and vanishing step size.

Beyond the setting of learning features in one layer networks, there are several in uential early
empirical works [YCBL14, YCN* 15] on features learned by early modern vision architectures.
There is also an in uential line of work on superposition in feature learning starting with [EHO * 22].

Finally, there are several interesting strands of work on feature learning in Bayesian inference
with deep neural networks. This includes work on kernel renormalization [LS21, BGY 25], analy-
ses of hidden layer features in deep models [APP22, SNR23, NDSR21, NR21, FLD 24, RRSH24,
RFL* 25], and works speci cally about the predictive posterior [ZVTP22, HZ23, HZ26].

1.3.3 What are the scaling limits of neural networks?

A hallmark of modern deep learning isscale and state-of-the-art neural networks are often large
in at least these senses:
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Parameter count. Neural networks often have from hundreds of millions to hundreds of
billions trainable parameters.

Dataset size. Neural networks are often trained to t datasets with anywhere from tens of
thousands to trillions of examples, each of which might itself be high-dimensional (e.g. an
image or video).

Optimization steps. Neural networks can often by trained for hundreds of thousands or
even millions of optimization steps.

The large scale of neural networks used in practice suggests that learning with these models may be
well-approximated by their scaling limits, i.e. idealized in nite sized models obtained by sending
at some or all of parameter count, dataset size, and optimization steps to in nity. Mathematics
and theoretical physics have long list of tools, including random matrix theory, mean eld theory,
ergodic theory, that enable an asymptotic analysis of large interacting systems, and these tools
can all pro tably be used to analyze deep learning. Before getting into the details ofhow these
tools are used for studying deep learning we give both a theoretical and practical motivation for
studying neural network scaling limits.

Neural Network Scaling Limits: Theoretical Motivation

From the theoretical point of view, in nite size scaling limits are often tractable and provide good
approximations to large nite systems. Examples of this include the emergence of the semi-circle
law for the empirical distribution of eigenvalues of randomn n Hermitian matrices in the regime
whenn!1l and deterministic PDEs in the space of probability measures describing the evolution
of the empirical measure ofn particles with mean- eld interactions.

A core goal of studying neural network scaling limits from this point of view is therefore to
derive simple descriptions of learning that capture essential properties of real neural networks.
There are two main di culties. There are many di erent possible scaling limits in part because
the limits as network depth, width, training data set size, and number of optimization steps grow
do not commute! To illustrate this point let us brie y consider two relatively simple but illus-
trative examples: non-commutativity of growing width and number of samples for learning with
linear models and non-commutativity of growing width and depth in randomly initialized deep
linear networks.

Example: Non-commutativity of width and number of samples in linear models.
Nothing in this section is new. It is meant to be a simple illustration of the well-known fact that
care must be taken in taking scaling limits even in the classical setting of tting a dataset

D= f(Xi;¥i)Geg o xi2RV; yi2R

with independent isotropic Gaussian inputs and noisy linear labels:

yi= "xi+ ;0 ox N (0;1); i N (0 ?); jjiji=1
using alinear model
zZ(x; W)= WTx;
which can be thought of as a fully connected network withL = 0 hidden layers. A standard way
to estimate the unknown vector is by ridge regularized least squares:

. 1 X -
W ()=argminy,pl (W) L (W)= oo 0W) y)*+ 5iWi* > o

i=1
This model of learning has two large parameters: the number of samples and the number of
features N, typically referred to as the number of features. Suppose now we seek to study this
model when bothn and N may be large, say withn = 10® and N =3 10, via a scaling limit in
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Figure 1.5: A cartoon illustration of blowing up the \moduli space” for learning with regularized
linear models inN dimension with n isotropic covariates.

which we take at least one ofn; N to in nity. Our goal is a method of taking n;N !1  so that
the quality of learning at in nite size, for instance as measured by the test error

1
EEWTX y 2o x N (0;1); y= Tx+ ;
is a good approximation to learning whenn; N are both large and nite. To proceed, note that
in the simple setting we are considering there is an exact formula

W ()=(XXT+ 1) IXTy: XT =[x1 xp]2RVY ™ Y=[y: va]' 2R" (1.3.10)

obtained by simply minimizing the quadratic objective L . This formula reveals an important
lesson: the distribution of W ( ) depends crucially on the statistics of the Wishart random matrix
XX T. The key is now to recall the Marchenko-Pastur law [AGZ10], which shows that at large
n;N the eigenvalue distribution of XX T depends sensitively on the ration=N .

The appearance of the ration=N, which can be thought of as measuringhe e ective number of
training samples underscores the fundamental fact that the limits andn;N ! 1 don't commute.
That is, if we were to study a scaling limit in which we rsttook n!1 andthenN !'1 or
vise versa the resulting model, which is still well-de ned, would not bear any resemblance to the
nite but large model we started with. Instead, the correct way to compute scaling limits was to
X the ratio n=N = 1=3 and then take n;N to in nity together.

A cartoon illustration is in Figure 1.5. The situation is roughly that we have a moduli space
of problems parameterized byn;N 2 Z, Z.. We seek to compactify this moduli space in such
a way that the objects of interest { in this case the statistics of W ( ) { are continuous on the
boundary. One can then think of Figure 1.5 as blowing up the cordem = N = 1 in the usual
sense of replacing it by the inward pointing normal bundle, which parameterized by the ration=N.

The situation of realistic neural networks is much harder. Indeed, there is no longer simple
formula akin to (1.3.10) and it is an important problem to analyze the dynamic of training.
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Moreover, as discussed inx1.3.1, the empirical loss over a neural networks is non-convex and
typically has in nitely many minima. Which minimum is found depends on the details of the
initialization and the optimization procedure, meaning that one cannot hope to studying scaling
limit of neural networks without also studying scaling limits of optimizers. Finally, as we will see

in the next section, neural networks size is not captured by a single parameter such as number of
featuresd. Instead, even for the simple case of fully connected networks, both network depth and
width play a role.

Example: Non-commutativity of depth and width in deep linear networks at initial-
ization

The purpose of this section is to introduce the non-commutativity of depth and width and in fully
connected networks through the special case of so-calletkep linear networks

Denition 1.3.1  (Deep Linear Network). Fix a positive integer L as well asL +2 positive integers

z(L+D) (x; )= w L+ W(l)x; wO 2 R N
with this architecture, identity non-linearity (t) = t, and zero biases.

To keep the notation a simple as possible we will selNg = = N_+1 = n. In accordance
with De nition 2.1.1 a random deep linear networks is obtained by choosingWij( ) at random:

N N
w Ny

where ( \(A;))Z are constants that we are free to set. In short, randomly initialized linear networks
are products of independent matrices with iid centered Gaussian entries. This model has been
studied extensively in two regimes:

Free Probability Regime. In this regime, L is xedand n 1. Thisis a kind of maximum
entropy regime in which the global distribution of singular values can be characterized in
terms of maximizing the non-commutative entropy (cf eg [AG97, BBCC11]).

Ergodic Regime. In thisregime nis xed and L 1. This is a kind of minimal entropy
regime in which the Lyapunov exponents (and singular values oK y., ) tend to almost sure
limits. See [FK60, BLR85, New86, IN92, CPV12].

The free and ergodic regimes are studied by rather di erent tools. In the free probability regime, for
example, one typically begins by studying the global distribution of singular values (or eigenvalues).
Only then does one proceed to progressively resolve the statistics of individual singular values,
starting with singular values in the bulk and nally moving to the edge of the spectrum. The usual
approach to studying the ergodic regime is the opposite: the largest singular value (or equivalently)
Lyapunov exponent is the simplest to analyze. One then proceeds to studying progressively smaller
singular values until nally a characterization of the entire empirical distribution of the spectrum
might be possible.

This signi cant di erence between the free and ergodic regimes is re ected in the basic math-
ematical fact that the limits of large L and large n do not commute. Instead, at largen;L there
should be a one-parameter family of matrix models indexed by the

. L
e ective network depth = N

interpolates between the free and ergodic regimes. Ample evidence for this statement in the
context of linear statistics for matrix products with rather general matrix entries was obtained
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Figure 1.6: Many important properties of fully connected neural networks with NTK parameteri-
zation (see Chapter 3) are summarized at large widthN and depth L by their ratio L=N, which
plays the role an an e ective depth. Seex2.3 and [Han24, RYH22, BCCZ23].

[HJ25, HN20b, Han18], for matrix products with complex Gaussian entries in [Ahn22, GS18] and,
at a physics level of rigor, for the full joint distribution of singular values [AB12, ABK20, LWW18].
Proving this in general matrix products remains an interesting open problem.

As we shall see inx2.3, the depth-to-width ratio L=N also plays an important role in determin-
ing the properties of random networks with general non-linearities. From this point of view, we
will see that to understand deep and wide networks it is crucial to consider nite width corrections
on the order of =Nk for various k 0. The L dependence of such corrections actually causes
them to scale like (L=N )X, making them leading order e ects at largeN; L (see [Han24, RYH22]).
The rough picture, many parts of which are only partly proved, is that larger L=N corresponds
to more non-linear but less stable models (see Figure 1.6)

We illustrate this point by a simple computation showing why it is L=N, rather than some
other combination of L and N, that should determine the behavior of random deep linear networks
at large N; L. For this, let's study the squared norm

2
Xnpar = 25 () 5 ixj=1
of the output of a random deep linear network. In order to understand its distribution let's write

Wy 2

KXol = WERD WOy = W e w® x
’ W@ x
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Note that W
W) x .
w®yx ; W, e independent
with o
2 W x .
w®x 2 y2 2. WO Uniform S" 1

Thus, in fact the presentation above allows us to write X .. +1 as a product of two independent
terms! Repeating this argument, we obtain the following equality in distribution:

byl G 2 1

Xni 41 2 NOL) Ty Y- N 2 independent
-
Taking the mean of both sides shows that
byl o2
EXNL+1]= N \(N)

~o1

This means that for deep linear networks to be well-behaved at largdN; L requires ( \(,\,))2 =1=N.
This is an example of what is calledtuning to criticality , which was thoroughly studied for general
non-linearities in [PLR* 16, PSG18, SGGSD17] and especially in [RYH22]. With this choice of
weight variance, the central limit theorem implies
" #
d S L 1
XNiL +1 = €EXp log (Y-) exp N
=1

L.
2N’

Z|r

Taking N large in each layer tries to make each log(:) close to 0, with mean and variance both
on the order of 1I=N. Adding together L such terms produces correction that is exponential in the
e ective network depth L=N .

Neural Network Scaling Limits: Practical Motivation

The hallmark of modern deep learning is scale: massive models trained on sprawling datasets
over many iterations. Realizing the practical utility of scale requires a practitioner to make many
choices in concert, e.g.

Architecture Selection. Which architectures (e.g. fully connected, residual, convolu-
tional, transformer-based, etc) are best for a given problem? Given an architecture type,
say a transformer, how should one set itsshape i.e. scale models through growing depth,
width, number of attention heads, number of experts, and so on?

Hyperparameter Tuning. Given an architecture to be trained, how should one choose
initialization variances, learning rates, batch sizes, weight decay strengths, and othehyper-
parameters needed to specify an optimization scheme?

If architecture and optimizer choices are not properly made, then large models perform poorly.
At the same time, large models are so expensive that it is computationally impossible to nd
performance architecture and hyperparameters settings by trail and error.

Thus, while scaling limit theory seeks simplicity through increased scale, the practical appli-
cation of scaling limits is to produce faithful small versions of large models. These scaled down
network become cheap testing grounds for choices that matter at scale: training settings, archi-
tecture selection, and deployment strategies.

The idea of using scaling limits for hyperparameter transfer has had signi cant practical impact
[YHB* 21, DZN* 25]. More broadly, the idea of relating the outcomes of experiment with small
scale neural networks to properties of large models is one of the core problems faced by deep
learning practitioners.
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Chapter 2

Neural Nets at Initialization

2.1 Chapter Overview

In this chapter we will study neural networks at the start of training, when they have random

weights and biases. To describe the precise setup recall from De nition 1.1.1 that given an input

x 2 RN a fully connected network produces an outputz(-*%) (x) 2 RNt+ through a series of

hidden layer pre-activations z()(x) 2 RN", whose components are de ned recursively as follows:
. P . . . .

g+ w0 =1;:L+1
@ . PN (1) . : (2.1.1)

B+ 0 WX =0

As explained in x1.2, neural network training begins by selecting the weightsWij(‘) and biasesq(\)

at random:

output dimension N 4; , and non-linearity  is obtained by taking random weights and biases in
(2.1.1):

R “ 2 N N
wiP N o ) B N (0 §))  independent (2.1.2)
It is not really important in De nition 2.1.1 that the weights and biases Gaussian, only that
they are centered, independent, and have light tails. Moreover, as we'll explain below, it will be

natural to choose
N 2 2 .
)y "o _w . (
W N- 1’ b

where 3,; p are order 1 constants independent of the network width! It may seem at rst
glance that studying neural networks with random weights and biases is of no practical interest.
After all, a neural network is only useful after it has been trained, i.e. one has found a setting
of its parameters so that the resulting network function (at least approximately) interpolates a
given training dataset of input-output pairs ( x; f (x)) for an otherwise unknown function f : RNo |
RNu+ (seex1.2). However, there are several compelling reasons to study random neural networks:

) -

by

The choice of a distribution of network parameters g at initialization induces a law on the
rst forward pass x 7! z(:*D (x; () and rst backward pass o 7! 1 = o r L( o).
Asking that the forward pass and backward pass as \well-behaved" gives a principled way
to choose initialization scheme and learning rate. Se&2.2 and x2.2.3.

1The main exception to this prescription is that for the nal layer it is often natural to take ( 2 = 2 =N2.
This seemingly small modi cation of the initialization scheme leads to profound di erences during training and is
a key di erence between the the kernel of lazy limit of neural networks at large width considered in Chapter 3 and
the mean- eld limit of Chapter 4.

21
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There any usually many ways for a given neural network to t the training data. Since
optimization is essentially a greedy local search, the statistics of the neural network at
initialization provide an important ingredient in determining the sort of function a neural
network will learn after training as well. This is especially true in the NTK regime discussed
in Chapter 3 and when analyzing Bayesian inference with neural networks, in which case the
distribution at initialization is precisely the prior.

Several in uential lines of work on feature learning (primarily in shallow networks) give

precise insights about the nature of feature learning from the rst step of gradient descent.
This analysis, in turn, comes down to computing network statistics at initialization. See the

references afterx1.3.2.

The remainder of this chapter is organized as follows. First, inx2.2 we derive a simple procedure
for how to initialize a neural network so that the rst forward pass, i.e. the map x 7! z(-*D (x)
with random weights and biases, is well-behaved at both large widthN and large depth L. This
will naturally lead to a fundamental result: randomly initialized neural networks converge to
Gaussian processes in the limit of in nite width (see Theorem 2.2.1). Having analyzed the rst
forward pass inx2.2, we proceed inx2.2.3 to study the rst backward pass, deriving a simple rule
for scaling the learning rate as a function of depth and width. Inx2.3 we explore the nature of
nite width corrections to the Gaussian process behavior of random neural networks in the in nite
width limit. We conclude in x2.3.2 with some open questions.

2.2 Random Neural Nets at Fixed Depth and In nite Width:
Gaussian Processes and Hyperparameter Tuning

In this section, we consider a depthL fully connected network, which for each input x 2 RNo
computes an output z(-*D (x) through an associated sequence of pre-activation vectors( ) (x) 2
RN given as in De nition 1.1.1 by

“Wen @Opgs ;1

. ) ne N 1. 1 0O) N-.
WOy + - ‘2o’ WU2R LB 2 RN

Z(~+1) (X; ):

At the start of training such a network, we must choose a way to initialize the weights W, and
biasesk ’. Virtually all initialization scheme in practice take all weights and biases to be drawn
independently from some distribution that is symmetric around 0 (and hence has zero mean).
Often, in fact, this distribution is Gaussian and hence we must only determine good choices for
the variances h o

h o i
o 2 < . .
(a)O =var w’ ;D =var g’ (2.2.1)

which by symmetry should only depend on’. Our rst goal is to answer two related questions:
Q1. How should the variance ( 3 )’ 2. {) depend on the layer widthsN-?

Q2. What is the distribution of a random neural network z(-*1 (x; ) at large width?

The reason to consider the e ect of changing width on initialization scheme is that a common way
to increase the number of trainable parameters in practice is simply to increase the width of some
or all hidden layers. Thus, it is convenient to have a prescription for initialization that requires
little or no tuning of the variance on the part of the practitioner.

To approach Q1, we must decide on a criterion for measuring the quality of an initialization
scheme. Of course the dream criterion is that this initialization scheme (together with an appropri-
ate choice of learning rates, batch sizes, and other optimization hyperparameters) leads to trained
networks that make reliable and accurate predictions on unseen data. However, such conclusions
are usually too much to hope to deduce analytically. A typical alternative in developing principles
for choosing initialization and optimization hyperparameters consists of three steps:
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1. Posit one or more criteria about the behavior of neural networks at initialization (or say
after one step of gradient descent) that capture at least heuristically the idea that we want
networks that are both easy to train and can perform feature learning.

2. Validate empirically that these criteria are useful in practice

3. Determine which architectures, initialization schemes, and optimization algorithms provably
display these criteria.

Perhaps the simplest criterion to use in step 1 is to ask that for any inputx 2 RNe the neuron

pre-activations zi(‘)(x) are order 1 random variables at initialization in the sense that
h i .
Criterion : E zi( )(x) = 0O(1); Var[zi( )(x)] =1 ; (2.2.2)

where the implicit constants are uniform with respect to the choice of widthsN- (and perhaps

depth L as well). Since we are considering mean 0 weights and biases, we automatically have
2

h . i . X \
Ez™x =4+ wi"™ Gx)d=o:
j=1
Moreover, recalling the notation in (2.2.1), we have
20 1.3
2

Var[z{ " (x)] = Eg@h( oy Wij( ) (Zj( J(x)A £
j=1

. o 2 1 . 2
= PN (30 B 5 @w) (223)
From this we at least heuristically derive the simple criterion that (2.2.2) ought to hold if we take
2 2 .
(&) = = (2.2.4)
N- 3

where , 0; & > Oare xed constants. Indeed, ifzi( )(x) are order 1, then so are (zi( )(x)) and
hence by (2.2.3) so igi( = (x). That this guess is correct is con rmed by Theorem 2.2.1, which also
answers Q2. To state it, let us agree that, given a : RV° ! R and a kernelK : RNoe RNo I R,
we will write GP( ;K ) for the Gaussian process with mean and covarianceK .

Theorem 2.2.1. Fix L; ;N o;N_+; and a polynomially bounded : R! R. With the initializa-
tion (2.2.4), the elds x 7! z(:*D (x; ) converge in distribution asN;:::;N_ !'1 to a mean
zero Gaussian process with iid components:

l (L+1) (. 4 PO: K (t*D ) Niw -
im 2 (; )= GP(; ) ;

NNt
where . X

lim  Cov 2\ (x);z2d ™ (x9 = j KED (xx9: (2.2.5)

Np;nN 11
Further, the covariance function satis es the following layer-wise recursion:
( . \ i
) ) .
KD (x:x9) = b+ WEo oz} (XY 1; 2.2.6)
b+ 5x X4 “=0

whereEy ) [] denotes the expectation over the distribution in whicrzi(‘)(x) are iid centered Gaus-
sian processes with covarianc& () that are independent for di erent i.

Remark 2.2.2.  The GP limit holds not only for fully connected architectures for also for virtually
any feed-forward architecture. See e.g. [LBN 18, Yan19, HBSDN20]. See [Han23] for a more
general statement for fully connected networks.



24 CHAPTER 2. NEURAL NETS AT INITIALIZATION

2.2.1 Sketch of Proof of Theorem 2.2.1

As with virtually every analysis of random neural networks, the starting point for is the obser-
vation that the sequence z()(x); > =1;:::;L+1 is a Markov chain. Moreover, the transition
probabilities are Gaussian in the sense that, conditional orz(), the elds x 7! zi( = (x) are iid
mean zero Gaussian processes with conditional covariance
o C+1) (X;XO) = Cov Zr(n+l) (x); Zr(n+1) (XO) j () = b+ Nl Zj( )(X) Z]-( )(XO) D (2.2.7)
j=1

Moreover, the conditional covariancet®( 1) (x;x9 is an example of acollective observable
—% f z-(‘)(x)' X2 A ;
i ; ;

N

o) =

where A is some nite subset of jAj point in RNe and f : RIAI I R is a polynomially bounded
function. The key technical result is the following:

Theorem 2.2.3 (Centered Moments of Collective Observables) Suppose :R! R is polynomi-
ally bounded. Fork 1 suppose thatf;:::;f, : R4l I R are polynomially bounded. Then

2 3
¥ o ho i k
E4 of(j) E of(j) 5=0 N9z ; (2.2.8)
j=1
where
N :=min fNy;:::;N-g

and the implied constant depends ork; *; f ; ; A;

This result is proved in [Han24] (see Theorem 3.1 and Lemma 7.5). While the proof is somewhat
involved, the intuition is simple: each collective observabIeOf( )is a an average of identically
distribution random variables. If they, were indepenglent then the estimate (2.2.8) is straight-
forward. When ~ 2, the collections zi( )(x); x 2 A are not quite independent for di erent i.

But one may check by induction on" that they are su ciently weakly correlated that the estimate
(2.2.8) still holds.

Theorem 2.2.1 follows almost immediately from Theorem 2.2.3. Indeed, we already said just
before (2.2.7) that, for dierent i, the elds zi( )(x) can be viewed as independent Gaussian pro-
cesses with the same random covariand® (). However, by Theorem 2.2.3, the random covariance
R ) converges in probability to some xed covarianceK () as the minimal hidden layer width
n tends to in nity. In this limit, zi( )(x) therefore converges to independent centered Gaussian
processes with covarianceé ().

2.2.2 Weight/bias variances and learning rates via Theorem 2.2.1

Theorem 2.2.1 points to a tremendous simpli cation of neural networks at the in nite width. For
instance, the in nite width covariance structure (2.2.5) shows that components of the network

output zi(L+1) (x) are independent for di erent i. It also con rms that the ansatz (2.2.4) leads to

initializations in which every neuron zi(‘)(x) is an order 1 random variable at large width. Having
understood how to the initialization scale should vary with network width, we now to turn to the
natural followup

Question: Which 3 ; , give well-behaved networks at large depth?
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The practical motivation is that one can increase network size by scaling both depth and width.
If theory can provide prescriptions for setting 3,; » in a way that gives rise to well-behaved
networks at any depth and width, then one can avoid in practice a potentially costly search for a
good initialization.

At least at in nite width and with the initialization schemes (2.2.4), the behavior of the
eld x 7! zt*D (x; ) at the start of training is completely determined by p; & ; through the
recursion for (2.2.6). Since this recursion is non-linear due to the presence of we expect that for
generic choices of p; 3, the kernel K ) will either grow or converge to a xed point exponentially
in *. This gives us the second well-studied criterion for choose initializations:

Criterion : K ) (x;x9 neither grows nor decays exponentially in': (2.2.9)

A variety of prior articles have worked out how to do this [PLR* 16, SGGSD17, RYH22]. The
basic idea is to x inputs x;x°and view the recursion (2.2.6) as a discrete time dynamical system
for

KOxx):KOXEX),KO6xY) 71 (KO 6%); KO (x%x9; KO (x;x9):

One then seeks p; & for which this dynamical system has critical stable xed points so that K ()
approaches a xed point polynomially, rather than exponentially, in ~. This is sometimes called
tuning to criticality . We indicate here only the very simplest example of this analysis in which we
take (t) = t. In this setting, the variance recursion is a ne

KD xY= p+ 3 KO xY:
Combining the xed point condition
9K st K = p+ ZK
with the criticality requirement

@K (xx)
@K (X X) k) (xx )= K

yields the initialization = 0; & = 1. We leave it to the reader as an interesting exercise to
derive the so-calledKaiming He initialization , which prescribes , =0; 3 = 2 for the important
special case or RelLU activations (t) = max fO0;tg.

2.2.3 Analyzing one step of GD to set the learning rate

So far, given a large network width N, a potentially large network depth L, and a non-linearity
we've outlined one principled method for selecting an initialization scheme. The next logical
task is to determine a prescription for setting learning rates. We set biases to 0 and focus only on
deriving learning rates for network weights. Recall that the gradient descent update aftert steps

of gradient descent takes the form

w e+ = wi \(,\,)@viij( t): (2.2.10)
Here \(,;,) is the learning rate for weights in layer *, which by symmetry depends only on’.? What
then should our criterion be for choosing \(N)? A natural choice, which is either implicitly or
explicitly adopted in a range of prior work [Yai22, RYH22, HN20a, YH21] is the following:

Criterion: Choose \(,\}) so network output changes by order 1 uniformly in depth

and width from one GD step. (2.2.11)

21n practice it is common to choose the same learning rate for all parameters. However, it is also common to
experiment with adaptive rst order methods which implicitly scale the learning rate for di erent parameters in
di erent ways.
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As we will see in Chapter 4 this Criterion is not su cient by itself to ensure various desirable
properties of the neural network training at large width. For now, however, we will try to satisfy
(2.2.11) in the simplest case of output dimensiorN_.,; = 1. To rst order in the learning rate we

have

20 (x; (t+1) 20D (x; (1)

el oy N . .
@z (1) W+ wi
=1 i=1 j=1 !
bl do N1
= @Vij(‘)Z(XJ (t))@vijml-( (1)):
=1 i=1 j=1

Recall L is an empirical loss over a training dataset
X
L()= (2 (% )ry)
(xy)2D

and depends on the network parameters only via the values of the network outputs z(x; ) for x
in the training dataset. Thus, by the chain rule we nd to rst order in the learning rate

. R X
200 (t+1) 20 (x (1) = H (X% (1) @ (Z3Y) -0 xo: (1):y=yo
(x%y©%2D
Here, for any setting of parameters we've denoted byH (x;x% ) is the learning rate adjusted
NTK (see (3.2.3))

.
H (x;x% )= roozZ8 (x; ) roz5 (x% )

where

is the Hadamard product between the vector of learning rates and the gradientr z(-*9 (x; ).
We'll say much more about the NTK in Chapter 3 below. Note that @ (z;y) evaluated at
z=z*D (x% (1)); y = y° depends only on the valuez(-*Y (x% (t)) and the data label y°. Due
to our initialization scheme, it is order 1 at initialization t = 0 independent of depth and width.
Hence, the proposed learning rate Criterion (2.2.11) requires that, at initialization,

EH (xx; O)]= (1)
with the implicit constant is independent of N-;L. Note that

e L R 2
E[( x;x; (0))] = CE @,z (x; (0)

=1 i=1 j=1
This is ensured by setting
R 2
\(N) = LN-N- ;E @vij(‘)Z(Ul) (x; (0)
A simple computation at large width shows that
2
E 5z (x; (0 =( nb:
@zt (x () = (n?Y

This suggests setting i

= (NLLY:
For constant depth networks this is precisely the what is proposed in so-called standard parame-
terization.
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2.3 Finite Width Correction to the Gaussian Process Limit

In the previous sectionsx2.2 and x2.2.3 we analyzed random neural networks in the limit where
rst the hidden layer width N- tends to in nity and then the depth L grows. However, as we
already saw inx1.3.3, the limits as width and depth tend to in nity do not commute. As a result,

a re ned understanding of fully connected networks at initialization requires studying the nite
width corrections to the Gaussian process regime and their dependence @n Prior work on this
question includes [Han18, HN20b, HN20a, LNR22, BCCZ23, RYH22, Yai20] can be very roughly
summarized by the following:

Message: The depth-to-width ratio Ni + o+ Ni % measures e ective depth
1 L

More precisely, recall that in the in nite width limit N- ! 1  neurons pre-activations converge
to independent Gaussians. It turns out that L=N controls the deviations from this regime, mea-
suring both correlations between neurons and the non-Gaussianity of single-neuron distributions.
Moreover, L=N controls also the numerical stability of optimization (the variance of the gradients
in the rst step of training) [Han18, RYH22, Han24] and extent of non-linearity of the model
(measured by the spectral norm of the parameter Jacobian) [HN20a]. This suggests an interesting
and still partly conjectural phase diagram (see Figure 1.6).

Our goal here is to give a glimpse into how such results might be derived by focusing on perhaps
the simplest instance. Speci cally, let us consider the recursion relation (2.2.6), which describes
the in nite width Gaussian Process covarianceK (*1) in terms of ; &,; and K(). Perhaps
the simplest setting in which to probe the nite width correction to this recursion is to analyze

fourth cumulant at a single input

!
. 1 . . . . 1 . 4 . 22
J0=3 2000z’ =3 E oz’ 3E 7))

A simple computation shows that fl‘)(x) captures both non-Gaussian uctuations

. 2 . . 2 2
Var zi()(x) =3 El)(x)+2E zi()(x)

and inter-neuron correlations

g)(x) =Cov zi(‘)(x) 2; zj(\)(x) ’ ; i 6]
Since asNy; ;N_ 'l |, neurons are independent and Gaussian, we have that
lim Ox)=0:

Theorem 2.3.1 shows that while in the large width and xed depth limit n ! 1 the fourth
cumulant fl)(x) tends to zero at a rate like 1=N, it actually grows linearly in the next worth.
This is an example of how the large depth and large width limits do not commute, with depth
accentuating nite-width e ects.

This recursion is the beginning of a perturbatively solvable hierarchy of recursions that can
be used to describe virtually every observable associated with a random neural network [Han24].
This includes the higher cumulants of the functions computed by network neurons, and we'll see
an example below of how cumulants of ordek in layer * + 1 are determined only via cumulants
of orderj k at layer ".

Theorem 2.3.1 ([Han24, RYH22, Yai20, BCCZ23]). Fix L;No;N_+1; : Suppose that the weights
and biases are chosen as if2.1.2) and that
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The fourth cumulant is of order O(n 1) and satis es the following recursion:

(+1) & 2 O i O) 2 () 2

s (X)= WVarK o) + 5 (KE(6x)) 47 (x)+ O(n %), (2.3.1)
where " #

2
) .= w 2
- — E ) A
i K @2 ,_,0 () (2)

2
Thus, at criticality and uniform width ( N- = N), we have

L+1
1 (x)

L
—4 7 _=C —+0. (n ?:

Moreover, for any x m 1 and any \reasonable" function f : R™ ! R we may write
h i

E f zi( )(x); 1 i m
h . i
= Eg f zi( )(x); 1 i m
2 3
g+1) x) X0 X0 o _
+TEK(‘)§ @,-+ @@ foz'(x);1 i mé
j=1 jii2=1
j16j2
+0(n ?): (2.3.2)

Here, GU) is the dressed two point function
h . i
GO x%:=E 2z (x9 :

This Theorem is originally derived in a physics way in the breakthrough paper of Yaida [Yai20].
It was then rederived, again at a physics level of rigor in Chapter 4 of [RYH22]. Finally, it was
derived in a somewhat di erent, and more mathematical, way in [Han24]. This theorem can be
interpreted as showing that the statistics of random neural networks at initialization be recast as
perturbatively solvable hierarchies. The perturbative parameter is =N and the hierarchies are
recursions in".

Proof Sketch of Theorem 2.3.1

For this proof, since we will suppress the network inputx from out notation. So for instance
R ) (x;x) will simply be denoted by R(). Since®R() is a collective observable, it makes sense to

consider h i h i
GO =g O - C 0. O E O -

The scalar G is sometimes referred to as a dressed two point function. Note that

. . 2
2):E C D

Just as before, we have
" i Z h |
B()E e H iR g
ZR”m h I
fo(ye 2 i°6E g zii* © 7
R"m

m
—
~—~~
N
1
H
3
N
1
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Applying Theorem 2.2.3 we may actually Taylor expand to nd a power series expansion in £N:

h o, o, X 1)d h ql 1 . 2
E e 2! iz ©n - (qu)| ii ijQE Q) =1+ é” jj4E (G + O(N 2):

q 0

Putting this all together yields

h . i Z L2 I
Ef(z);i=1;0:0m) = 1+%jj j‘e D P()e 2 i°6"g + O(N 2):
R"m
In particular, we obtain
A . 20 1, 3
| xXn
5. 1 Ly 2
E f(z);i=1;::1;m) = Ego) [f]+ gE D Eg §@ @A fg+O(N 2): (2.3.3)
]

i=1
A direct computation now shows that

Eco) [f1= Exor [fF1+ O(N %)

This proves (2.3.2). Next, recall that
. L2
(Y=g O

Moreover,

h

2 2 . . [
E X{'xg)

. 1 . 1

E O =— x0 + 1 =
N- 1 N-

where i . h i
Xj(;) = 6\/ (Zj( ))2 E (Zj( ))2

Applying (2.3.3) and some algebra completes the proof of (2.3.1).

2.3.1 Non-linearity Shaping at Large Depth

In this section we brie y outline a complementary approach to the the description of nite-width
corrections to the Gaussian process behavior of random neural networks developed rstin [LNR22].
To set the stage recall that according to Theorem 2.2.1 fodinear activations (t) =t and =
0; & =1 we found

KCD (6x9 = & Ecor )z = §KOxx9):

Hence, the two covariance function for the in nite width Gaussian process is independent of depth.
For ReLU activations, a simple computation shows that setting , =0; 3 =2 also gives

KO (x;x) = KO (x;x):
However, while the variance is constanton the diagona) the correlation operator

K O)(x;x9
K O (x; x)K O)(x% x9

cOxxY:= p

degenerates at large in the sense that

cOx;x9=1+ oC ?):
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In other words, the in nite depth limit of the in nite width Gaussian processes for ReLU networks

is degenerate in the sense that given any two inputs; x° of the same norm, the Gaussian eld
assigns to both of them the same random (Gaussian) constant. Similar pathologies are present in
other non-linearities as well. The key idea from [LNR22, MBD" 21] is to considershaped, width-
dependent activationsthat are close in every layer to being linear. For example, we may consider
shaped tanh and RelLU activations

const

shaped tanh (1) = pﬁtanh(t:p W) "t+ 3+ O(N 2)

const
shaped ReLU tH=t+ f)ﬁ maxf 0;tg:

The shaping strength above is chosen precisely so that the aggregate di erence between randomly
initialized networks with shaped activations and the deep linear networks with (t) = t are order

1 for any xed value of the depth-to-width ratio L=N . Indeed, the key result from [LNR22] is that
the precise shaping in the previous displayed equations results in well-posed SDEs

d ()=b () () )nd+ AC () () )()dw()  (2.34)

for the nite width empirical covariance operator

1P O 1
(=5 200 200 )

in which dW( ) is a standard Brownian motion, b; are explicit drift and covariance functions,
and

is an e ective layer time. The so-calledneural covariance SDE (2.3.4) is an important tool for
studying Bayesian inference with deep and width neural networks.

2.3.2 Open Problems

We conclude this Chapter we some open problems about neural networks at initialization. For
these problems we consider a fully connected network 2 RNo 7! z(t*D (x) 2 RNt+ with

( . .
1 (C+1) ") N s - .
2041 () = =W z\)(x) 2R 1
iF,{TW(DXZRNl; *=0
0

and Wij(‘) N (0; 1) iid. Throughout we will assume that Ng;N_+; are xed and that
Ni;iii; N NI

Open Problem 1. Fix L 1andk 1. Suppose for simplicity thatN_+; = 1. Compute the

rate of convergence to0 of the joint cumulants of neuron pre-activations and partial Jacobians
|

@E (X) .. @FY (Xme1)
@z"(x) | @ (xx)

and across dierent layers asN !'1 . Can one obtain a layer-wise recursion for the cumulants
similar to (2.3.1)?

2 (x);52 ™) (Xm);

'S

Remark 2.3.2. It was shown in [Han23] that whenm = 2k (i.e. no partial Jacobians) and
all neurons are in the same layer (i.e. °; = ), then the 2k-th cumulants go to zero at a rate
1=NX. Moreover that same article, building on [Yai20, RYH22] obtained explicit but somewhat
complicated layerwise recursion for these cumulants. A nice diagrammatic method for deriving
these recursions was obtained in [BCCZ23].
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The next open problem we highlight is a conjecture from [DGA]. To state it's let's write
T(x;z) = z-*D (x)
and denote more generally by

T, (X2)= @1@

the partial derivative of the network output with respect to a xed set of parameters. Given any
evenk;m 0 and a partition 2 Sy, the authors of [DGA] then de ne for any a correlation
function as to be an expectation of the form

#pagams h i
C (Xg;:::%Xm) = o Gm 5 e E T (X)) T s, (Xm) S

where the expectation is over initialization and (5 (1, means that a;b are in the same block
of the parition . The goal is to understand the order of C as a power of the neural network
width N 1. To do this [DGA] introduced for each correlation function a cluster graph i.e. a

Open Problem 2. Fix L;Ng and setN_+; =1: Prove thatasN !1  we have

wherene and n, are the number of even and odd, respectively, connected components@f

Remark 2.3.3. The article [DGA] showed that this conjecture holds for linear networks and for
ReLU networks whenx; = = Xm -

To understand the motivation for this conjecture recall that under gradient ow on mean
squared error we have

EZ(L+1) (x9 = X

ot ) (NTKOGXS 4); (2.3.5)

1
D
(x;y )2D

where (). , is the residual at time t and by de nition

#pzxams
NTK( x;x% = @zt @ z (x9:
=1

Thus, E[NTK( x; x9] itself and also E d%z(“l) are both correlation functions in the nomenclature

of [DGA]. More generally, a direct computation using (2.3.5) shows that derivatives of correlation
functions are again correlation functions. Thus, understanding the order inN of various correlation

functions allows one to organize in powers of 4N time-derivatives of virtually any macroscopic

observable (one that concerns time derivatives of network outputs and multiple sums over all
parameters of derivatives of network outputs).

The preceding problems concerned the nite-dimensional distributions of the neuron pre-
activations and partial Jacobians. There is a beautiful and important line of work starting with
[FW20, BES" 22, LHY25, CPD* 24, MLHD23] that studies the distribution of eigenvalues and
eigenvectors for both the covariance kernel

. 1 D . . E
O (x;x9 = N 20 (x); 20 (x9
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and the NTK D E
NTK D 6 x9 = r 2z (x);r 254D (x9 -

These articles study mainly the empirical kernels

= Ox9 o NTKE™ = NTK D (x;x9)

b (xy ):(x%y)2D b (xy )i (x%y)2D
at initialization or after one step of training and for either isotropic inputs x N (O;In,) or for
inputs from Gaussian mixture models. An interesting open problem is to extend this analysis to
anisotropic Gaussians

Open Problem 3. Let = N, be a sequence indexed by 1 of No N psd matrices.
Supposex; N (0; ) . Describe the empirical distribution of eigenvalues of the empirical feature
kernel n 0
= O
—

and similarly for the empirical NTK kernel as n;Ng;N !'1

The motivation for this problem is that as a surrogate for studying the properties of deep neural
networks it is common to rst study associated linear models in high dimensions [GMMM19,
HMRT22, MM23, MS24, AZVP24]. The analysis of the empirical kernels in the previous open
problem is the key to understanding regression with corresponding random feature models. The
nal open problem seeks to repeat this analysis but after one step of training

Open Problem 4. Let = N, be a sequence indexed byfg 1 of No N psd matrices.
Supposex; N (0;) and
yi = f(xi)+ i i N (0; ?):

Describe the empirical distribution of eigenvalues of the empirical feature kernel
oon o]
= Oxisx)

ihj =1

and similarly for the empirical NTK kernel after one step of GD onL asn;Ng;N !'1

Remark 2.3.4. An interesting aspect of this problem is to understand how the answers dier
between networks with NTK and mean- eld parameterizations.



Chapter 3

Neural Nets in the Kernel Regime

3.1 Chapter Overview

The parameters of a neural network z(“ *1 (x; ) are typically optimized by gradient descent to
(approximately) minimize an empirical loss
1 X
L()= = (%))
ibj
y)2D

over a training dataset D. Even when the per-sample loss( ; ) is simple, since neural networks
are non-linear in their parameters, the objectivelL is typically a complicated function of . Cor-
respondingly, analyzing the properties of gradient-based optimization is a challenging topic core
to deep learning theory. The purpose of the present and next chapters is to present some of the
theory developed around understanding neural network training dynamics.

Our starting point in the present chapter is the discussion inx3.2 of an important line of work
that studies gradient-based neural network optimization via the so-called neural tangent kernel
(NTK) [DLT * 18, JGH18, LZB22, ACH18, DZPS19]. For notational simplicity we will focus on the
case of networks with output dimension 1. The main idea, alluded to alreadyx1.3.1 (see (1.3.5)),
is that we expect for overparameterized networks

the JacobianD z(-*V (D; ) 2 R#Parameters D) hag fyll rank;

where
(L+1) Y — (L+1) [y~ iDj .
z D; )= z X; 2 RM:
( ) ( ) (xy)2D

Thus, we expect theneural tangent kerne] i.e. the dataset-by-dataset Gram matrix

.
Ho( )= (HXX% ) xy)20 ; Hx;x% )= Dz (x; ) Dz (x%)
(x%y%2D

to be positive de nite for most values of . We connect the positivity of this matrix to the success
of optimization in x3.2. While the NTK is well-de ned for any neural network we focus here on
using it to understand optimization in the so-called kernel or lazy regime, obtained by studying
fully connected networks with xed depth, xed dataset size, growing width, and small learning
rate. In this setting, as we shall see inx3.2.2, it turns out that the entire trajectory of optimization
by gradient descent of a neural networkz(-*Y (x; ) is very close to that of its linearization around
initialization:

2D ()= 20D (6 0+ D 2 (x5 o) (o)
This was rst observed in the special case of one layer ReLU networks in [DLT 18] and developed
more fully in [JGH18] (see also [ACH18, LGJ20, BMR21]). Viewingx 7! D z(:*D (x; o) as a

33
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feature map, the kernel underlying this associated linear model is the NTK, and we will give a
heuristic explanation in x3.2.2 for why in the limit of in nite width it converges almost surely to
deterministic kernel

H(x;x% = Widltiml E[H(xx% o)]:

This is a spectacular simpli cation in which neural networks become linear models. All proper-
ties of neural networks in this regime are therefore determined by studying the eigenvalues and
eigenfunction of H (x; x9, which is completely determined by studying networks at initialization.

The mathematical simplicity of neural networks in the NTK regime comes at a steep explana-
tory cost. Namely, linear models cannot learn data-dependent features, which are the hallmark of
successful neural networks in practice. While the NTK regime sheds some light on the success of
non-convex optimization it does not allow one to address and make predictions about learning in
realistic networks. To do this, one must consider other scaling limits of neural networks. A variety
of approaches are possible:

Networks at Finite Width. In neural networks at nite width n the NTK is not constant
during training. Its dynamics at xed depth were worked out, as a perturbative series in 1=N,
in the breakthrough article [HY20]. The resulting dynamics equations are rather intricate
and di cult to analyze in detail.

Networks with Comparable Width and Depth. Recall from x2.3 that while random
neural networks at initialization converge to Gaussian processes in the regime of xed depth
and in nite width, the 1 =N corrections to this regime actually scale grow with depth and are
more accurately reported by considering the depth-to-width ratio L=N . As we'll brie y ex-
plain x2.3, this analysis extends to optimization as well: both the uctuations at initialization
and the change in the NTK in the course of training grow with L=N . See [HN20a, RYH22].

Mean Field Parameterization. We study in Chapter 4 an way of taking the in nite width
limit of fully connected networks in which the last layer initialization and overall structure
of the learning rates di ers substantially from the NTK regime. The resulting in nite width
training dynamics even at xed depth and training dataset size are signi cantly richer than
those in the NTK regime. In one layer networks they are Wasserstein gradient ows (see
x4.1.2), and their analysis is an important facet of modern deep learning theory.

3.2 Optimization and the Tangent Kernel

In this section we introduce an in uential line of work explaining why optimization is successful
in certain wide neural networks. The start of this section largely follows the discussion in the
excellent article [LZB22].

3.2.1 What is the NTK?
Consider any parameterized family of functions
x2RNe 71 z(x; )2 R;

which for simplicity we've assumed has output dimension 1. Suppose that we seek to optimize the
parameters by minimizing the empirical error
1 R
Lo( )= (z(Xi5 )3yi)
o)

using gradient ow
d
— .1
— =T L _
at () -,
1The analysis below will carry over with minor modi cations to gradient descent with a su ciently small learning
rate.

(3.2.1)
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We will assume that z(x; ) is overparameterized relative toD in the sense of (1.3.3). The heuristic
discussion inx1.3.1 suggests that optimization is easier to understand after changing variables the
vector of outputs z(D; ) of the model on the training data de ned in (1.3.4). In general, given
any di erentiable function f () for which L( ) depends on only through f ( ), the gradient ow
dynamics (3.2.1) yields

d T ]
af(t): Df() =, Df() =, rfL(f)f:f(‘)'
Applying this with f( ) = z(D; ) yields

%Z(D; )= Hp( o)r :L(2) 222(D: 1) (3.2.2)

where
Ho():=(D z(D; ))' D z(D; ) 2 RIPIPI (3.2.3)

is called thetangent kernel of z. By construction, we may write the NTK as the Gram matrix of
gradients D z(x; ) over inputs x appearing in the training dataset:

Ho()=(Hy ()y 4 o5 © Hi ()=(D z(xi; )T D z(x;; ): (3.2.4)

The equation (3.2.2) admits a simple geometrical interpretation. Namely,Hp ( ) plays the role of
the inverse of a Riemannian metric tensor orRIP! | and it is with respect to this pseudo-metric that

we minimize L, viewed as a function ofz(D; ) using Riemannian gradient ow. In this language,

the fact that we expect the map from to z(D; ) to be a surjective submersion is equivalent to
the statement that Hp () is strictly positive de nite and hence that its inverse de nes a proper

Riemannian metric.

The preceding discussion applied to optimization of virtually any overparameterized family of
functions. In the special case of the squared error (or more generally loss that is convex as a
function of z(x;; )),

¥oi
2Dy,

Lo( )= Lmse ()= (z(xi; ) w)?

the dynamics in (3.2.2) take on a patrticularly simple form. Namely, writing
Y =(yi;i=1;:::]Dj)

for vector of labels, (3.2.2) immediately yields
d
&(Z(D; 1) Y)=Hp()(zD; ) Y) (3.2.5)

and
Gibvse (0= @0 ) V) Ho( (i ) Y): (326

The preceding equations highlight the sense in whichH (' ) controls \the geometry" of optimiza-
tion. They vyield the following fundamental result

Lemma 3.2.1 (NTK conditioning implies exponential convergence) Suppose
9 >0 st Hp(y) | forallt O (3.2.7)

Then N
Luse (1) € "™ Lyse (o)

Two remarks are in order:
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The condition (3.2.7) is precisely the statement that (1.3.4) holds for on the trajectory of
optimization.

Note that the condition (3.2.7) is somewhat pessimistic. It can be replaced by

@(D; ) Y) Ho(o)(zD; ) Y) jzD; ) Yj? forallt O
In the next section, we take up the question of to how check that (3.2.7) holds.

3.2.2 Optimization in the NTK Regime: heuristic derivation in shallow
nets

At rst glance, checking (3.2.7) is seems had to verify since it must hold throughout training.
However, in the special setting of wide neural networks at xed depth, small learning rate, and
xed dataset size the articles [DLT* 18, JGH18, LZB22] show it in two basic steps:

(&) Show at the start of training that Hp ( o) is strictly positive de nite with high probability
using matrix concentration

(b) Show that Hp ( ¢) changes very little in the course of training.

The purpose of this section is to explain the basic idea in the simplest setting of a one layer
network

K1
z@(x; )= p;:Wi(z) w,® p)l(\lj . oxw® 2RV w2 R (3.2.8)
i=1 1 0
trained by gradient ow (3.2.1) on
= wPOwW?m 5 w0 N @) WP N Oy

starting from a Gaussian initialization. 2 Let us start by checking (a). A direct computation shows
that

1 X
Ho( )= No Hoj () (3.2.9)
1._
j=1
whereHp () is the NTK of the j th neuron:
Hoj()=Gram D W® w®p . i=1;::iD]

J NO

Atinitialization, the jDjjDj matricesHp; ( ) are iid and hence, by standard matrix concentration
inequalities [Tro15] we nd that with high probability

Ni 1 =) Ho( o) E[Hp:( o)l:

Hence, (a) follows as soon as the network widthN; is su ciently large and the NTK mean
E[ u( 0)] is strictly pegsitive de nite. The latter is equivalent to asking that the jDj vectors

D WJ-(Z) Wj(l) pxr\'njo are linearly independent with high probability over x; in the in nite-

dimensional Gaussian Hilbert space associated WitNVj(l) ;WJ-(Z) . There is of course something to

2Remark on NTK parameterization and learning rates?
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check here, but the result is true under quite generic assumptions [DLT 18]. Next, the key point
in deriving (b) is to notice that the Hessian of z? (x; ) is block-diagonal:

1
Hess( ) 0 0
0 Hess( ) 0
Hessz® (x; )= . . , . ;
0 0 Hess,()

with each block being the Hessian ofz® (x; ) just with respect to the parameters in di erent
neurons:
Hess( ) = Hess, o .y @ 2@ (x; ):

Further, the explicit N, 1=2 scaling in (3.2.8) implies that, at initialization each Hessian block is
small:

Hessz® (x; o) =0 P %DJ) with high probability :
1
Further, some simple perturbation theory shows that with high probability
ii o nottoolarge =) Hessz®(x: ) = o P9 |(\JTDJ) with high probability
1

The fact that at su ciently large width N1, the Hessian can be made uniformly small in a neigh-
borhood of the initialization ( shows that the D z(D; ) (and hence the NTK) changes very
little in a large ball around initialization. In conjunction with (a) and the fact that the Jacobian
D z(D; ) (and hence the NTK) remains order 1, we conclude from Lemma 3.2.1 that the loss
L( ) will start to decrease exponentially int. This causes optimization to converge to a minimum
of L nearby to ¢ and never leave a su ciently large ball around initialization.

While our analysis in this section focused on one layer networks, the fundamental mechanism
underlying the asymptotic linearization of neural networks with NTK initialization and learning
rates at in nite width is true and is similar at any xed depth.

3.2.3 Mean-Field vs. NTK and the P Heuristic

We've seen that in the NTK parameterization the in nite width limit of a fully connected network

is a linear model. Our goal in this section is to give an alternative explanation for why this is and
do so in a way that previews the mean- eld parameterization of neural networks we study in the
next chapter. We will still focus on the case of one layer networks

K1
@ (x; )= ﬁelj w®@ 20 x) zM (x) = piljwi(l) X (3.2.10)

N1 0

in which weights are initialized as iid standard Gpaussians. Here =1 corresponds to the NTK
regime and, as we'll see in the next chapter, = = Nj is the mean- eld scaling. At initialization
the elds x 7! zi(l) (x) are centered Gaussian processes with

x x°

cov 20wz ) = 4 X
0

Similarly, again at initializ&tion, the network output is order 1 = , which is either order 1 in the
NTK scaling or order 1= N; in the mean- eld parameterization. Following the basic idea in
[YH21], let us now consider thechangein the network output and in zi(l) (x) as measured by the
time-derivative at initialization from gradient ow
X
G o LO= 5 @@ )
(xy )2D
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As we saw in (3.2.2), we have

d X .
o 20 o= 35 oy i tNTK(X X% 0); xy) = @ (z;Y)

t=0 (xy )2D z=2@ (x; )
where the NTK was de ned in (3.2.3). A direct computation shows that

1 X
NTK( x;x% o) = T NTK (%, x% i.0);

i=1

where
D
NTK (x;x% )= r

E
W (70 ir w® (2 (<)

wo W@ w® W@

Hence, at initialization, we have that NTK( x;x% o) is an average ofN; iid per-neuron NTKs,
which hav non-zero mean. Thus we nd that

@ (v = .
— ¥ (X; 1) = — 3.2.11
di 200 2 (3:2.11)
We also have
d X 1 X
—z2Dx )= = ) P==WD 0 20 (x; ) ; (3.2.12)
dt iDj N1 No
(xy)2D
Hence, evaluating the scale of this expression as a function &f;; ; at initialization yields
400 0= pe (3:213)
dt i y t Wl . L.

Comparing (3.2.11) and (3.2.13) shows that the only way to select; which ensures that both
the hidden layer representationz® (x) and the output z® (x) change by order 1 is to set

- ("N = (N

which leads to the mean- eld parameterization. This heuristic: that we want to nd a learning
rate in which all hidden layer pre-activations and network outputs move (1) in each step of
training is the heuristic proposed in the P paper [YH21]. In contrast, in the NTK formulation
where =1, we must take = (1) in order to ensure that the change in the network output
doesB‘t diverge asN; ! 1 . But this forces the change in the hidden layer activations to be
(1 = N3), much smaller than their initialization scale.



Chapter 4

Mean Field Neural Nets

In this Chapter we discuss the mean- eld approach to neural networks, pioneered for one layer
networks by [MMN18, CB18, RVE18, SS20] and extended to deeper networks and more complex
architectures rst in [BP22] and then in [BNL * 23, BCP24]. To introduce the main idea we begin
in x4.1 by considering the fundamental setting of a one layer neural network

1 X1 1 .
@)= W %Wﬁ”x +q ;0 xw® 2RV W@ 2R (4.0.1)
1 0

where unlike in the NTK parameterization of Chanter 3 we've introduced a seemingly innocuous
1=N;-normalization in the output instead of the 1= N prescription that leads to the kernel regime
in the limit N; !'1 % A fundamental observation going to at least to [Cyb89] is that to each one
layer network (4.0.1) we can associate a probability measure

z
1 X
@) (v | — 2 (1) 1) @ . W 1) @)y _ .
z9(x; )= o W@ (WO x+ B)d (WD ;D w@); =N WO p® W@ )
(4.0.2)
A key advantage of working directly with is that networks of di erent widths can all be analyzed
in the same space, namely the space of Borel probability measures d&&N°*2 . Moreover, passing

to naturally quotients by the action of the symmetric group Sy permuting neuronal indices

i=1

In x4.1 we review how the mapping to empirical measures (4.0.2) has been used to understand
approximation theory [Cyb89, Bar92] (seex4.1) and gradient ow optimization with shallow
networks [MMN18, CB18, RVE18, SS20] (see4.1.2).

In x4.2 we outline an important extension of the mean- eld analysis of one layer networks
that is valid for studying the in nite width limit of virtually any neural network architecture
using tools fromdynamical mean- eld theory (DMFT) [BP22]. This point of view, developed
in large far at a physics level of rigor, leads to many important some open problems that we
will brie y outline.

4.1 Mean-Field One Hidden Layer Networks

In this section, we explain how question about the approximation power and optimization dynamics
of one hidden layer neural networks look when phrased in terms of the empirical measures of
(4.0.2).

IWe will sometimes omit the 1 = No pre-fact in front of the rst layer weights for convenience.
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4.1.1 Mean-Field Approximation

An important line of work in the mathematical neural network literature in late 1980's and
early/mid 1990's focused on neural networkapproximation theory: which functions can be repre-
sented and how e ciently is the approximation accomplished per-parameter? One of the founda-
tional results in this direction is the so-called universal approximation theorem [Cyb89, Pin99].

Theorem 4.1.1 (Universal Approximation Theorem, roughly). Fix any Ng 1 and a \nice"
non-polynomial : R! R: Then for any compact set RNe, continuous functionf : | R,
and > O there existsN; 1 and parameters 2 RN:(No*2) sg that

f(x) z(2)(x; ) co() ;

where z®@ (x; ) is as in (4.0.1).

One natural approach to Theorem 4.1.1 is to directly use the representation (4.0.2). Since
networks with width N; correspond to measures with N; atoms, modulo a few technical details,
in nitely wide one layer neural network can compute any function of the form

z
f (x)= w@ (wW®x+ gB)d (b wD;w@y; (4.1.1)
RNo+2
where is any \reasonable" probability measure. From this perspective the universal approxima-
tion is the statement that for \most" non-linearities , any continuous function can be represented
in the form f for some . If (t) = cos(t), then this is a simple exercise in Fourier analysis. For
more general activations more intricate arguments are required [Pin99].

An important continuation of this idea was devised by Andrew Barron in the in uential papers
[Bar93, Bar94]. He was interested in understanding the dependence between the approximation
rate and network width N; in Theorem 4.1.1. For any measure he considered an empirical
approximation

1 X iid
Nis NN Xis Xi ;
iz
which gives an approximation of anyf from (4.1.1) by a width N; neural network f | . A key
contribution of Barron's work was to introduce the so-called Barron space,
Z

BRY):= f: RV 1 Rjf2CORY) and jiflip<1 ;  jifjig= i ) d;
RNo

wheref0is the Fourier transform. A short computation shows that for some natural non-linearities
the Fourier decay off allows one to obtain a central limit theorem for
z ho i
W@ (WO x+ D)d "~ Np( Ny)

RN o+2

uniformly over  for which jjif jj5 1.2 The Barron space is thus a surprisingly simple class of
functions for which the width of a one layer network required to unifgsmly approximate functions
from this class is independent of the input dimension, decaying like 2 width. This is an example
of how coupling smoothness to input dimension allows one to break theurse of dimensionality.

4.1.2 Mean-Field Optimization

In the previous section, we saw how the parameter-to-measure correspondence (4.0.2) can be used
to understand which functions a one layer network can represent when no constraints are placed
on its parameters. As we discussed in Chapter 1, however, neural network parameters are

2\We are glossing over the distinction between spectral and neural network-based Barron spaces.
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set in practice by using some variant of gradient descent to minimize an empirical risk starting
from a random initialization. Our purpose in this section is to connect the resulting dynamics
on empirical measures to mean- eld interacting particles systems and more precisely Wasserstein
gradient ows. To do this, suppose that as in (4.0.1) and (4.0.2) we are given a one hidden layer
network (with no biases for simplicity)

z

2 1 R 2 (€] 2 1 1 2
1 i=1 RN o+l
and we've introduced as before
1 X
= m (W.(l) W I(2) )1

i=1

Suppose for simplicity that the network parameters are optimized by gradient ow?

d
gt = Nir L()
on the empirical risk
1 2
- @ (y-
(xy)2D

Note that the network output is a linear functional of
220 )=hy ir (WO w@):= we (witx)

Since the lossL depends on only through the dynamics on ; therefore yield well-de ned
dynamics on  := . This evolution can be equivalently described as a Wasserstein gradient

t

ow or as a mean- eld interacting particle system. Speci cally, let us write
e=Cuni=1N)5 = WRiw®

We will refer to ;.1 as the state of neuroni at time t. The key observation is that

d
git= T .%( thi); (4.1.2)
where Q.=@ is the Fechet derivative
@ 1 X .
—(; )= = (h; xiy) x():
@ Dj (x;y)2D

There are two equivalent ways to parse equation (4.1.2):

Mean- eld interacting particles. By inspection, the evolution of the i-th neuron state
depends on the other neuron states only through their empirical measure. Thus, the neuron
states ;.. form a mean- eld interacting particle system, a well-studied class of non-linear
dynamical systems [Szn91, Kac56, Mel96]. An important caveat is that often interacting
particle systems studied in the literature include an additional Gaussian noise as a driving
term in (4.1.2) but the only randomness present in (4.1.2) is through the random initial
condition.

SWhile the N7 pre-factor is only a time reparameterization from the perspective of gradient ow, it is the natural
rescaling for a well-dened Nj !'1 limit and is critical when studying gradient descent with small but positive
steps sizes.
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Wasserstein gradient ow. By pairing with a test function and integrating by parts the
relation (4.1.2) can be written as a continuity equation

@ =dv %( )

which is precisely the Wasserstein-2 gradient ow on the energyl. [CNWR25]. While this
identi cation with Wasserstein gradient ows holds only for one layer networks, it is a
powerful tool in understanding their training dynamics [CB18, CB20].

An important corollary of the interacting particle interpretation of (4.1.2) is that the distribution
of particle states f .tg in one one-layer networks exhibitspropagation of chaosin the in nite
width limit [Szn91, Lac23]. That is, for all t > 0 and xed nite k 1 the random vari-
ablesf i.;; 1 i kg are iid. In particular, in the in nite width limit the nite-dimensional
pre-activation stochastic processes

x2 RV 7t wix 2 R

are iid overi. In the next section, we brie y sketch an important generalization of this interacting
particle point of view on neural network training dynamics that holds for virtually any neural
network architecture and still exhibits this propagation of chaos structure. This generalization
has been developed only a physics level of rigor and making it mathematically precise presents
and interesting and important challenge in deep learning theory.

4.2 Neural Network Dynamical Mean-Field Theory

Extend the one layer parameters-to-measures correspondence from the previous section to deeper
networks and beyond fully connected architectures is non-trivial. A straightforward generalization

in which one de nes the state of a neuron to be the collection weights going in / out faces two
challenges:

Growing state dimension. As soon as there is more than one hidden layer, the number of
weights going in / out of each neuron grows with network width. This means the analog of
the particle dynamics (4.1.2) are no longer de ned on a single space independent of width.

Shared states. As soon as there is more than one hidden layer, the weights going in and/or
out of each neuron are shared with other neurons. This requires analyzing the analog of the
particle dynamics (4.1.2) with weakly correlated neuron states.

The most well-developed approach to overcoming these two technical challenges was pioneered by
Bordelon and Pehlevan in the breakthrough article [BP22]. This work usesdynamical mean- eld
theory to provide, at a physics level of rigor, a blueprint for analyzing the training dynamics of
virtually any neural network architectures. Our goal in this section is to give a short introduction

to the basic idea. For this let us consider a depthL fully connected network. Recall from De nition
1.1.1 that such a model maps an inputx 2 RN° to an output z(-*D (x; ) 2 RNt# recursively as
follows

8

2 WO (D (x)); = L+1
zO)(x) = N WO (20 D(x)) 2RV 1 L

'%ﬁwmszM; C=1:

For simplicity we have omitted the biases and will focus on the case of output dimensioM +; = 1.

Consider now a weightWij(‘”) connecting neuronj in layer ~ to neuroni in layer ~ + 1. For any
training datapoint ( x;y) we may use the chain rule to write the following identity for the derivative
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of the sample loss (z-*Y (x; ):y):

(+1)
2700 @t () @zy)

@V# +1) @ Zi(‘+l) (X) @Z 7= z(L+1) (x)

@+ (x)  @(z:y)
@ 7™ x @z ,pu (x)

@ (@0 )iy) =

= p @) 04

The neuron pre-activations ( rst and third terms) and partial Jacobians (derivatives of network
output with respect to a hidden layer output) therefore determine the structure of loss gradients.
This suggests de ning

8 9

. < . +1) =
Si(;t) = state of neuron i in layer ~ attime t = zi( )(x); M (x;y)2D . : (4.2.)
: @ 7' ’

The core insight of [BP22] is twofold. First, gradient ow training dynamics

d

dt
can be rewritten at any nite width as a multi-species mean- eld interacting particle system in
the sense that

=1L ()

% N

d R R NN R 1
asi(:t) = F(Si(;t); E ); 0=1;:55L); E) = N~ s()
i=t
for some explicit F. Second, whenNy;:::;N. !' 1, a saddle point argument shows that the
evolution of f § - 1;:::;Lg obeys a complicated but deterministic coupled set of PDEs.

Proving well-posedness of these limiting equations and making precise this saddle point analysis
of [BP22] are important mathematical open problems. Because the saddle point argument of
[BP22] is so elegant and extends naturally to virtually any neural architecture (see e.g. [BNL 23,
BCP24, JBPH26]), we will present inx4.2.1 the argument in the simplest case of one layer networks.
Before doing so, we rst brie y discuss in x3.2.3 a uni ed derivation of the mean- eld and NTK
parameterizations.

4.2.1 Sketch of DMFT Analysis in One Layer Networks

We now return to the setting of a one layer mean- eld network (3.2.10) with = le and
= oN; and restrict our attention to mean-squared error loss. With this convention (3.2.12)
becomes
d .0 - o X @ 0 @) . x x°
gid 0= iDi Gy Wit T (X5 ) No
(xy)2D

Note that @2 =@ (z” (x)) = N *W?, and we have

d X
a5 ORI I (4.22)
(x;y)2D

The dynamics of the stateSi(;lt) of neuroni depend on the other neurons only through the residual

1 XN e ©
(xy) « = 29 (x; ) y= N Wi iy (X) y
i=1
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which is an empirical average at time the neurons. Moreover, from the de nition of the NTK (see
e.g. (3.2.2)) we have

d _ X .y 0.
a (xOy0); = ﬁ (xy); (NTK(X,X s t)
(xiy)2D
X x X0
= = oo (X% 0+ GGX% )T 1 (423)
1= (xy)2D 0
where
1 X
GGx% )= GG G = W © z7 (x)
i=1
1 X
(xx% =5 2700 2709
i=1
We will abbreviate
G 1= (Gl xS ) (xy )i(x%y 92D c= (06X ) (xy )i(x%y 92D

If these kernels were deterministic (they are not at nite N ), then the dynamics of (zi(;lt) (X); Wi-t)
would be iid acrossi since these kernels determine the dynamics of (. ). ,, and it is only these
residuals that coupled the dynamics across neurons. To make sure of this, consider the character-

istic function 2 8 93
< Z; x =

Z[ 1:= Edexp. i ks (xy) ds 2 (4.2.4)
' O (xy)2D ’
which is a generating function for the joint moments of residuals over time and training datapoints.
We now use a standard trick in statistical physics, often called the Hubbard-Stantonovich method,
which uses the Fourier representation of aZdeIta function

ox x9=(@ )¢ e ix x9 g x;x 92 RY:
R

to write forany f :RY! R
Z VA VA

f (x)dx = f(x9 o(x x9dxdx°=(2 ) ¢ f(x% ™ XY dxdx%d :
Rd R2d R3d

The point of this trick is to turn x, which may have a complicated de nition, into three integration
variables x; x% . We will speci cally use

X
o NG(xx% s) gi:s(X)g ;s(x)
g 1™ 0 19
Z < X\] =
/ exp iB;x% ) ONG(x;x% ) Gs(X)gs(XYA  dG(x;x% ¢)dB(x;x% )
R2 . L )
j=1
and its analogs for the kernel. Inserting these two delta functions into (4.2.4) and using that

conditional on G; 8; ; bneurons are independent gives
z

Y
Z[ 1/ E dG(x; x% )dB(;x% §)d ( x;x% &)dR x;x% )
RPI £ (xy):(x%y%2D
t X hn oi
exp [ xs (xy) sds NS Gs:Bs; ;€0 st :
0 (xy)2p

4This analysis can also be done in discrete time as in Appendix M in [BP22]
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where
Z t

S= i 09Znewron [;G; @ :B+Tr G668, T b ds;
0

and single-neuron characteristic functionZeyron Satis es

X Z (€] @
Zneuron = E exp | Q X;XO; s) Zg (x) Zis (x)
(xy)2o 0
(x%y%2D

+ B x% $)g.s(X)as(x) ds

with an average only overwi%) ;Wi(;%). We are now in a position to use the Laplace method to

understand the largeN behavior of the integral de ning Z[ ] since the integral is nite-dimensional
(we keep the number of datapoints xed). A direct computation shows that the critical point
equations forG; take the form
Z S
6= a(G8 ;h8 +b(GE ;hab d
Z°
b = C(G;@; ;l?@ +d(G;@; ;l?@b d:
0

An explicit analysis of is needed to the only critical points are b- 8=0 (see e.g. [BP24]). The
critical point equations for G; then read

h i
G(x% ) = Es[gs(0)gs(x0;  (xx% =E 22 zZ2x) :  (4.25)

In conclusion, at large N the kernels Gg; ¢ satisfy a deterministic evolution given by the saddle
point equations. This evolution determines a deterministic evolution of single-neuron probability
distributions via Zpeuron [ ] They are related by self-consistent equations (4.2.5). In particular,
neurons are independent, giving a physics-style proof of propagation of chaos.

4.2.2 Open Problems

The mean- eld analysis of neural networks is an active eld of research with many still-open
problems. We state a few of them here. An important strength of the DMFT approach to the
analysis of neural network training dynamics is that it applies to architectures with an arbitrary
number of layers. However, at least the approach presented here is limited fundamentally the
setting of learning from a xed training dataset. This is unsatisfactory since feature learning is
most interesting in the regime where model size and dataset size grow together.

Open Problem 5. Consider an L hidden layer fully connected mean- eld neural networkx 7!

N 1 and activation function . Fix a probability distribution on RNe*!  and suppose we train
this model using gradient descent to minimize the mean-squared error over a training dataset

D=f(x;y) =1;:::;ng n

consisting of n iid draws from . Extend the mean- eld/DMFT analysis of neural network training
to the setting wheren; N jointly tend to in nity.

Remark 4.2.1. In the very special case of deep linear networks the article [BP25] solved this
problem.
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The neural network-centric motivation to study this problem is self-evident. As we saw in
the present Chapter the mean- eld analysis of neural networks can be viewed as the analysis of
mean- eld interacting particle systems. Each network layer corresponds to a di erent species of
particle. This make the preceding open problem also an interesting from the pure math point of
view in two senses:

In the setting of one layer networks we saw inx4.1.2 optimization corresponds to Wasser-
stein gradient ow. The extension to deeper networks will therefore generalize Wasserstein
gradient ows to some kind of coupled family of PDEs over tuples of probability measures.
These PDEs may well have an interesting geometric and analytic structure.

The DMFT approach to analyzing neural networks essentially de ned each particle state to

be a vector whose dimension is linear in the number of training datapoints (see (4.2.1)). Thus,
extending DMFT to the setting of simultaneously growing dataset and model size means
studying interacting particle systems in which the number of particles and the dimension of
the state of each particle grow together. This seems like a fundamental problem.

The next open problem we discuss concerns extending the DMFT analysis to completely arbitrary
architectures. The state it, note that the most general de nition of a (feed-forward) neural network
is as a directed acyclic graph (DAG)G = (V; E). A subset of the vertices are the inputs, a subset
of the vertices are the outputs, and any other vertexv can be thought of a hidden layer of some
width N, and some non-linearity. In this formalism, one thinks of the trainable weights as living
on the edge ofG.

Open Problem 6. Extend the DMFT analysis of neural network training to a general DAG in
the regime of xed dataset size and growing hidden layer widths.

Remark 4.2.2.  Articles such as [ZLB22] study learning in DAGs with the NTK parameterization.



Chapter 5

Empirical Wonders

One of the joys of deep learning theory is prospect of understanding and predicting the plethora
of fascinating and poorly understood empirical phenomena in deep learning. In this chapter we
discuss several of them:

In x5.1 we discusseural scaling laws empirical power law relationships between scale (e.g.
number of parameters, number of datapoints, number of FLOPs used in training) and neural
network performance.

In x5.2 we discussgrokking and emergence empirically observed abrupt leaps in neural
network capacity.

In x5.3 we discusssuperposition, empirically observed sparse linear structure in learned
representationx 7! z{)(x) from hidden layers in large pre-trained models.

In x5.4 we discuss the ubiquitous appearance addversarial examples surprisingly small
perturbations of correctly classi ed inputs that a trained model classi es con dently and
incorrectly.

5.1 Scaling Laws

Figure 5.1: Scaling laws for test loss as reported in [KMF 20].

An important part of the success of modern deep learning is improvement through a coordinated
increase in scale of models, training data, and overall compute budgets. To visualize this progress
and to e ectively scale computational resources practitioners often rely on scaling laws, empirically
observed power law relationships between scale and model quality (see Figure 5.1). Some of the
rst scaling laws were discovered in [HNA" 17] and [KMH* 20]. In uential followup work can be
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found in [HBM * 22]. Prior theoretical work on theory for scaling laws can be divided roughly into
three kinds

Weyl Law-type Arguments. Even for linear models seemingly exotic e ective-dimension
power law scaling exponents naturally appear in at least two ways: as the asymptotic de-
cay of kernel eigenvalues from the Weyl Law and as typical near-neighbor spacings between
training datapoint inputs. Such ideas were extended and made precise in [BDK21] to pro-
pose a taxonomy of variance-limited vs resolution-limited scaling for both model size and
dataset size. This work was preceded by two important statistical physics articles [BCP20]
and [CBP21].

Linear Models in High-Dimensions. The articles [PPAP25] and [PPXP24] use ran-

dom matrix theory and homogenization to analyze train and test loss dynamics for SGD on
random quadratic objective in high dimensions. This results in a surprisingly rich phase dia-
gram and associated power-law exponents for learning in high dimensions. Other important
contributions of this kind are [LWK * 24, MM19, DLM24, MS24, AZVP24].

Solvable Statistical Mechanics Models. The excellent paper [MRS22] and the followup
[Zha25] provide solvable models for explaining how dataset structure and feature statistics
interact to produce scaling laws in random feature models. The articles [BAP24, BCP20,
BAP25] use dynamical mean- eld theory to analyze scaling laws in both linear and certain
non-linear models.

The seemingly ubiquitous nature of scaling laws raises several fundamental theory questions:

Q1. Can one explain and predict in terms of data and model architecture the seemingly
exotic exponents appearing in neural network scaling laws?

Q2. Can one predict compute-optimal neural network scaling? That is, given a total FLOP
budget for training, can one predict the optimal combination of model size (e.g. depth,
width), dataset size (e.g. number of tokens per parameter), and total number of training
iterations to achieve best performance?

5.2 Grokking and Emergence

Grokking [PBE* 22] and emergence [WTB 22] both refer to abrupt change in model performance.
For grokking, this happens is during training, where test accuracy suddenly transitions from
near random chance to 100% long after training accuracy reaches close to 100% (see Figure 5.2).
The somewhat puzzling phenomenon has been observed in a variety of settings [PBE2, LMT23,
LKN * 22, NCL* 23, Gro23]. Intuitively, it occurs when there are many ways to t almost perfect t

the training data but optimization is biased to move, albeit slowly, along this manifold of empirical
loss minima towards a particularly parsimonious solution. Notable theoretical approaches to this
problem include [KBGP24, LIL* 24, LBBS24, RSR24,ZI24, DHDG24] but a general theory of
grokking is still open. In particular, important theory questions include

Q1. Inthe special case of learning modular operations, how much training data is necessary
for the model to grok and the precise algorithm the model learns to implement?

Q2. For which combinations of data generating process, model, and optimizer will grokking
occur?

Unlike grokking, emergence in neural networks occurs when models suddenly exhibit the ability
to solve a given task after a certain model scale (often measured by the total number of FLOPs used
during training). This is illustrated in Figure 5.3. The term emergence was coined in [WTB* 22]
and important empirical followups include [C* 23, G" 22, S 23, WWS* 22]. An important caveat
is the objection made popular in [SMK23, LBS 24, DZDT24], which argued that the apparent
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Figure 5.2: Grokking in modular division from [PBE* 22]

Figure 5.3: lllustration of emergence in LLMs from [WTB™* 22]. x-axis is training FLOPs.

phenomenon of emergence is a mirage in the sense that by replacing metrics such as accuracy
by smoother variant the apparently sudden emergence of various capabilities in LLMs in fact
occurs gradually. From the deep learning theory perspective, a precise characterization, and even
de nition, of emergence is still open.

5.3 Superposition

Across a variety of domains and architecturesdirections in post-activation space correspond to
interpretable abstractions [EHO* 22, MCCD13, HCH* 23, BTB* 23, SSJ 22J*. This phenomenon
was termed superposition in [EHO 22]. Perhaps the most famous example came from the in u-
ential early Word2Vec work [MCCD13], which observed that in latent space one often observes

1post-activation space is the vector space in which the vectors (z()(x)) of layer * post-activations live for
various network inputs x
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